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Abstract 

Let G = {G{x),x > 0} be a mean zero Gaussian process with 
stationary increments and set o"^(|x — y\) = E{G{x) — G{y))'^. Let 
/ be a function with Ef'^{7]) < oo, where t] = N{0, 1). When cj^ is 
regularly varying at zero and 

lim „ , = and lim — ; — = but -r^o" (s 

h^oa^{h) h^o h yds^ J 

is locally integrable for some integer jo > 1, and satisfies some addi- 
tional regularity conditions, 

in L^. Here Hj is the j-th. Hermite polynomial. Also : {G'y : {I[a,b]) is 
a j-th order Wick power Gaussian chaos constructed from the Gaus- 
sian field G'{g), with covariance 

E{G'{g)G'{g)) = JJ p{x - y)g{x)g{y)dxdy, 
where p{s) = ^^(^^(s). 



*Research of both authors supported by grants from the National Science Foundation 
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1 Introduction 

Let G = {G{x),x G R+}, G{0) = 0, be a mean zero Gaussian process with 
stationary increments, and set 

E{G{x) - G{y)f = a'{x - y) ^ <j\\x - y\). (1.1) 

The function cr^ is referred to as the increment's variance of G. Clearly 
^2(0) = 0. 

In this paper we are primarily concerned with Gaussian processes that 
arc smoother than Brownian motion but not so smooth that they have mean 
square derivatives. 

Let diJi{x) = (27r)~^/^exp(— a;^/2) (ix denote standard Gaussian measure 
on R^. Let / e L^{R^, dji), i.e., Ep{'q) < oo, where is a normal random 
variable with mean zero and variance one, (i.e. t] = A^(0, 1)). To avoid 
trivialities we assume that (J^{h) ^ and f{x) ^ 0. In all that follows 
< a < 6 < oo. 

We obtain an asymptotic expansion for 

as /i — > 0, that holds for a large class of Gaussian processes and for all 
/ e LF'{R}, d/i). The asymptotic expansion involves a generalized derivative 
G' of the Gaussian process G. 

We impose the following conditions on the Gaussian processes considered 
here: 

cr^(/i) is regularly varying at zero of index 1 < /3 < 2; (1-3) 

lim — 7— = and lim — ^ = 0; (1.4) 
h^o a^[h) h^o h 

|,.(, + ft) ^^^^ 



Set 



/l2 - g2 - 8' 

(7^(s) has a second derivative for each s ^ 0. (1.6) 



^^^^(«), ^7^0. (1.7) 
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It follows from ffri|) that 

— = and p := lim — = oo. 1.8 
The next theorem is the main result in this paper. 

Theorem 1.1 Let f E L^iR\ dfi) and let G = {G{x),x G R+}, 0(0) = 0, 
be a mean zero Gaussian process with stationary increments satisfying U.3\) - 
U.6\) . and assume that there exists a ( > such that for all < M < oo we 
can find Gm < oo with 

\pix)\<^:=GM^{x), \x\<M (1.9) 

and 

\h\ 

\p(x + h)-p(x)\<GM-A\p{x)\, 4:\h\<\x\<M. (1.10) 

fI 

Then for all integers jo, such that joC < 1? ^'^^ foi" M for b > a, 

^ Jqix±3-3x)_\^ (1.11) 



a{h) 

ILIUyiL))' 

j=0 



1=0 VJ- 



Ah), 



in L^. 



There are many terms in (11. lip that require definition. The functions 
{i7fc(x)}^o the Hermite polynomials. The process G' = {G'{f),f e 
Bo{R+)} is a mean zero Gaussian field with 

E(G'{f)G\f)) =11 p{t-s)f{s)mdsdt yfje i3o(i?+) (1.12) 



where i3o(-R+) is the set of bounded Lebesgue measurable functions on i?+ 
with compact support. We construct G' in Section O (We use the notation 
G' because it is a generalized derivative of the Gaussian process G. This is 
also explained in Section [2l) 
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The random variable : {G'Y° : {I[a,b]) is the 'value' of the ko-th order Wick 
power Gaussian chaos process {: {G')^° : {g),g G i3o(-R+)}, at g = I[a,b]- This 
process is constructed from G' in Section [3] and has second moment 

E (: {Gf^ : (g))' = ko\jjp''{x- y)g{x)g{y) dxdy. (1.13) 

It is well known that : {G')^° : {I[a,b]) can also be expressed as a multiple 
Wiener-Ito integral. We discuss this in Section [31 

The k-th order Wick power of a mean zero Gaussian random variable X 

is 

:X'=:= ^(-l)-'( .]E{X^^) X^-^K (1.14) 
When X = N{0, 1), : X'^ : = ^rk\Hk{X). Therefore 

■.X^: = ^a\HJ—). (1.15) 



CTxJ 

a\ denotes the variance of X. We show in Theorem 13. II that when 

f^-^cr^(s)j is locally integrable (1-16) 

and satisfies an additional very mild regularity condition then 

lim / : (^(^±Z^^y° : . ■ (.) d-lT) 

in L\ 

When p(0) < oo, G has a mean square derivative and one would expect 
f ll.l7p to hold with G' being the mean square derivative. Theorem 11.11 shows 
that this holds for all / G L^{R^, dfi) and for a much more general class of 
Gaussian processes. 

The class of Gaussian processes satisfying the hypotheses of Theorem 11.11 
is very rich. This is illustrated in the next proposition. 

Proposition 1.1 Let h be any function that is regularly varying at infinity 
with negative index or is slowly varying at infinity and decreasing. Then, for 
any 1 < (3 < 2, there exists a Gaussian process with stationary increments 
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for which the increments variance cr^(x) satisfies the hypotheses of Theorem 
and is such that 

a'^ix) \xfh(\ogl/\x\) as x ^ 0. (1.18) 

Other examples are given in Section [5l 
For any function / G L^{R^, dfi), 

oo 

fix) = ^ aMx) in L\R\ rf/i), (1.19) 

fc=0 

where 

ak = I f{x)Hk{x) dfiix) = EHkiv)fiv) (1-20) 

and 

oo „ 

E«fc= \f{x)\'dfi{x)<oo. (1.21) 

fc=0 

For a given / G L'^{R^, dfi) let 

ko := koif) = mUklak + 0}. (1.22) 

/C>1 

The integer /cq is known as the Hermite rank of /. 
We have the following corollary of Theorem II. It 



Corollary 1.1 For a given f G L^iR} ^ dfi) let ko be as defined in U.2S\) and 
let G = {G{x),x G R+}, G{0) = 0, be a mean zero Gaussian process with 
stationary increments satisfying ( f-?.3j) -( f77^) . Assume that U.16\) holds with 
k = ko and that 

h = o(h''/a\h)f\ (1.23) 

Then, for b > a 



^. dx-ib-a)Efi,) EiH,Mm) . . . 

(1.24) 

in L^. 

(Note that ffT:23D is implied by ([L9]) if koC < 1). 
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Example 1.1 It follows immediately from fll.lSp and fll.24p that 

in LF' . Remarkably, we show in [8], that under the hypotheses of Theorem 
11.11 the limit in (11.251) is also almost sure. 



It is clear from (11.171) that when > 1, the limit in (ll.24p is not a normal 
random variable. We do get a normal limit when = 1, as we state in the 
next corollary of Theorem 11.11 

Corollary 1.2 Let f e L'^{R\ dfi) be such that E{r]f{r])) ^ 0. Let G = 
{G{x),x G -R+}, G{0) = 0, be a mean zero Gaussian process with stationary 
increments satisfying U.!^) - I[l~^) . Assume p{s) is locally integrable. Then 

rb r f G{x+h)-G{x) \ _ _ a)Ef(v) 

lim ^ ^^'^ , = {Eir^firiMGib) - G{a)) 

HO h/a{n) 

(1.26) 

in L^. 

It is interesting to compare Corollary 11.21 with the normal central limit 
theorem obtained in [71, Theorem 1.1] that holds for all Gaussian processes 
with concave increment's variance and for some Gaussian processes with 
convex increment's variance but where (11.161) does not hold for ko = 2. 

Theorem 1.2 |^ Theorem 1 . 1] Assume that a'^{h) is concave or thata^{h) = 
h'' , 1 < r < 3/2. Then for all symmetric functions f G L'^{R^, dfi) 

1„„ Ni,, 1), ,1.27, 

where $^(/i) is the variance of the numerator. 

Theorem 1 1 . 2 1 app ear s similar to Corollary ll.2[ In fact under the conditions 
of Corollary O 

^{h) ~ ha{b - a)E{r]f{7]))/a{h) (1.28) 

as h ^ 0. However, there are important differences between these results. 
Theorem 11.21 applies to symmetric functions / whereas in Corollary 11.21 we 
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require that E{rif{ri)) ^ 0, which excludes symmetric functions /. Indeed 
we see from Corollary 11.11 that if / is symmetric and £'(77^/(77)) 7^ the 
dominant term on the right in (ll.24p is 



as long as (11.161) holds with ko = 2. The hypotheses of Theorem 11.21 excludes 
processes for which (I1.16P holds with ko = 2. It is clear that the integrability 
of powers of p at the origin play a critical role in whether or not we get 
normal central limit theorems. 

Also note that in Corollary 1 1.21 we have convergence in L^. (See Remark 
12.21 for further discussion along this line.) 

We use / ~ at zero to indicate that lim/i|o f{h)/g{h) = 1 and / ~ at 
zero to indicate that there exist < Ci < C2 < 00 such that liminf/ijo fih)/ 
g{h) > Ci and limsup^^^o /(^)/fi'(^) < ^2- 

1.1 Motivation 

The motivation for this paper comes from our work [6] on the local times 
{L^, (t, x) G -R+ X R} of the real valued symmetric Levy process X = 
{X{t),t G -R+} with characteristic function Ee^^^^*^ = e~*'^*^'^\ We show 
that if 



is concave, and satisfies some additional very weak regularity conditions, then 
for any p > 1, and all t G -R+ 



for all a, b in the extended real line almost surely, and also in L™, m > 1. 

This result is obtained via the Eisenbaum Isomorphism Theorem and 
depends on a related result for Gaussian processes {G{x),x G R^} with sta- 
tionary increments. If the increments variance o"q(x) is concave, and satisfies 
some additional very weak regularity conditions we show in [6] that , 



E{H2{v)f{v)) 
V2 



(1.29) 






(1.30) 
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for all a,b & R^, almost surely. Viewing this as a strong law we then obtained 
the corresponding central limit theorem, [71 Theorem 1.1], which we repeat 
as Theorem 11.21 in this paper. Initially, the motivation for this paper was to 
see what happens for Gaussian processes that are smoother than those that 
satisfy the hypotheses of Theorem II. 2[ but are not so smooth that they are 
mean square differentiable. However, now that we have the results of [HI E] 
and this paper, we have an overview that enables us to present this work 
as method for finding limits of a natural sequence of stationary Gaussian 
processes. 

Let G be the Gaussian process with stationary increments introduced at 
the very beginning this section. Since 

^ ncjx + h)- G{x)){G{y + h)- G{y)) \ 

(x^{x — y + h)+ a'^{x — y — h) — 2a^{x — y) 
= ^) 

G{x + h) - G{x) ^ ^ 

a{h) 

is a stationary Gaussian process with E{Ql{0)) = 1. A natural question is 
to ask whether 

goix)=^ MmGhix) (1.33) 

h~*0 

exists. (The natural limit would be in L^.) A necessary condition for such a 
limit is that the limit of the covariance E{Qh{x)Qh{y)) should exist. This is 
given in (11.311) which we write as 

a^{x -y + h) + a^{x - y ~ h) - 2a^{x - y) 
E[Gh[x)Gh[y)) = 



we see that 



(1.34) 

When X — y ^ and ^"^(s) has a second derivative for s ^ 

\imEig,{x)g,{y)) = {ar{x-y)lim^y (1.35) 

(Note that even when (7'^{s) is not differentiable at zero most Gaussian pro- 
cesses that one can think of have the property that ^"^(s) has a second deriva- 
tive for s 7^ 0. For example (j'^{s) = < r < 2 or 0-^(5) = (log l/|s|)~''Al, 
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r G -R+.) Thus for fll.331) to hold cr^(s) must also have a second derivative at 
s = 0. 

When cr^(s) does not have a second derivative at s = we consider a 
weak limit for fll.32p . 

t f (1.36) 



h^oJa \ a{h) 

for / G L^{R^, dfi). It is natural to approach this by first taking / = Hk{x) 
the /c-th Hermite polynomial. 

Under the hypotheses of Theorem 11.11 for A; > 2 

h^oJa \ a{h) j ^ ' 



whereas 



Ihny^ : ( ^(i±i^^ ) ^G'f : (1.38) 



k 



a well defined random variable, as we show in fl3.27p and Theorem 13. 1[ Thus 
we see that when the hypotheses of Theorem 11.11 are satisfied it is quite 
natural to write the right-hand side of fll.lip in terms of Wick powers. 

In Theorem 11.21 we show that for o"^ relatively 'large' at zero 

> / G(. + M-GW \,,_(,_„)^^(,,)^ (1.39) 



a(h) 

divided by it's variance, has a normal limit, in distribution, as /i — 0. We see 
this, heuristically, as a result of the fact that in these cases the increments 
of G are only slightly correlated so that, writing the integral as a sum, we 
are in the standard situation of a normal central limit theorem. (Note that 
when 0"^ is concave the increments of G are negatively correlated.) 
On the other hand for / and cr^(/i) sufficiently smooth 

, f Gix + h) - Gix)\ jG'ix)\ , , , 

lim / ^ 1- ^ = / — a.s. 1.40 
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as stochastic processes for x G [— T, T] for any T > 0, where G' is the actual 
derivative of G. In this case if we expand the right-hand side of fll.4Up in 
Hermite polynomials we get 

j-b / G{x + h)-G{x) 
h^oJa \ a{h) 

We now see that (11. lip lies somewhere between f ll.27p and f ll.4ip . What 
distinguishes the hypotheses of Theorem 11.11 is that although cr^ is not twice 
differentiable at zero, nevertheless 

r \{aY{xW'dx <oo. (1.42) 
Jo 

We see in (11. lip what looks like the beginning of the power series expansion 
in (ll.4ip . We see this even more dramatically in Example 15.21 in which we 
show that for 0"^(m) ~ Cw^log^ 1/u and {a'^)"{u) ^ log^ 1/u, 

(1.43) 

in L^, as — 0. 

By considering a full range of Gaussian processes we can appreciate how 
the asymptotic behavior of (I1.36P changes as the increments variance of G 
becomes smoother. 

In Section [2] we define the generalized derivative G'. In Section [3] we 
construct the k-th order Wick power process. This is used in Section H] to 
prove Theorem 1 1 . 1 1 and Corollaries 11.11 and 1 1 . 2[ In Section[5]we give examples 
of Gaussian processes that satisfy the hypotheses of Theorem II. 1[ 

There are many papers about non normal central limit theorems for non- 
linear functionals of Gaussian processes. See for example p| Dobrushin and 
Major], [4, Major], pj^ Taqqu] and jlOj, Surgailis]. The focus of these papers 
differs significantly from what is considered in this paper. They consider 
long-range dependence and the limiting distributions that are obtained are 
self-similar. In this paper we are concerned with local phenomena. The 
generalized derivative G' of the Gaussian process G, appears in the limit and 



dx 



;i.4i) 
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it is clear from fll.131) that the hmiting distributions we obtain are not, in 
general, self-similar. 

Moreover because of the nature of the problems considered in the above 
references, they only consider weak convergence. In contrast we obtain 
asymptotic expansions in L^. This remark also applies to more recent re- 
sults on the non normal weak convergence of multiple Wiener-Ito integrals; 
see, for example, O Nourdin and Peccati], and the references therein. 

2 Generalized derivatives 

The second condition in (11.41) implies that G has a version with continuous 
sample paths. (Clearly it implies that cr^(/i) < Gh, for h G [0, /io] foi" some 
constant G and > 0. Therefore, continuity follows from [5l Lemma 6.4.6].) 
We work with this version. (It follows from the first condition in (11.41) that 
the paths of G are not mean square differentiable.) 

Lemma 2.1 Let G = {G{x),x > 0} be a mean zero Gaussian process with 
stationary increments and G(0) = 0, and with increments variance cr^ sat- 
isfying the second condition in If p is locally integrable there exists a 
mean zero Gaussian field {G'{g),g G Bo{R+)} with covariance 



We use the following simple lemma which follows by simply doing the 
integration. 

Lemma 2.2 Let cf) he a symmetric function on R} . Suppose that 0" is locally 
integrable on and 0(0) = 0'(O) = 0. Then 




(2.1) 




(2.2) 



Proof of Lemma 12.11 It follows from Lemma 12.21 that 




(2.3) 
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Also, since G(0) = 0, EG^{x) = cr^(x). Consequently foTx<y 

EG{x)G{y) (2.4) 
= \ {eG\x) + EG\y) - E {G{x) - G{y)f] 

= \{a\x) + a\y)-a\y-x)] 

= 2/1 ^ h[o,yf} - - ■5) dsdt 

1 r /-a:^^ ry rv ) 

= oW / p{t-s)dsdt+l / p{t-s)dsdt\. 

Since o"^ is symmetric, so is p. Therefore 

EG{x)G{:y) = r r p(t - s) ds dt. (2.5) 

JO JO 

It follows from this that for x' < x, and y' < y 

E (G(x) - Gix')) {G{y) - G{y')) = f T p{t - s) dt. (2.6) 

Jx' Jj/' 

Let £{R+) be the set of elementary functions on _R+ of the form g{x) = 
J27=i 9i^{{ai,bi]}(^) ■ such functions g{x) we define the stochastic integral 

» n 

/ (7(x) rfG(x) := ^ (G(6,) - G(a,)) . (2.7) 

i=l 

Note that by (12. 6p . for these functions, 

/ / p{t - s) g{s) g{t) ds dt (2.8) 
= J2 9i9j r r -s)dsdt = e([ g{x) dG{x)) > 0. 

It follows from this that the inner product 

{9. 9)g -=11 pit - s) g{s) git) ds dt (2.9) 
is positive definite on £"(/?+). 
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Let Q be the closure of £{R+) in the norm 

\\9\\g=[j j p{t-s)g{s)g{t)dsdtj'\ (2.10) 

Note that ^ is a Hilbert space. It follows from (12. 8p that the stochastic 
integral extends from S{R^) to a mean zero Gaussian field {G'{g),g e Q} 
with covariance 

E{G'ig)G'ig)) = ig,g)g. (2.11) 
It is easy to see that Q contains i3o(-R+)- □ 

Remark 2.1 There are several possible definitions of stochastic integrals for 
general Gaussian processes. See the discussion in [1] for the special case of 
fractional Brownian motion. 

We intend the notation G' to suggest the derivative. If G itself is differ- 
entiable then G'{g) could be written as 

J G'{x)g{x)dx, (2.12) 

in which case the notation G'{g) would be completely appropriate. However, 
even though the Gaussian processes that concern us are not differentiable 
we may think of them as having generalized derivatives for several reasons, 
which we give in the remainder of this section. 



Theorem 2.1 Let G be a Gaussian process of the type described in Lemma 
\2.1\ Then for any g G Bq{Rj^) 

lirn I + ^^^^ ^ ^2 ^2.13) 

Proof Let 

X,(,):=/(^(£±ii^) (2.14) 

We show that 

\\mE{Xj,{g)-G'{g)f = Q (2.15) 
/i— >o 

by showing that all the terms of the expectation have the same limit as 
/i 0. 
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Using the fact that G{x + h) — G{x) = J I{(x,x+h]}{y) dG{y), it follows by 
Fubini's Theorem and fl2.ll) that 



E{X,{g)G\g)} (2.16) 
= \j E {{G{x + h)- G{x)) G'{g)} g{x) dx 

= JlJ [J j p{t- s)I{{x,x+h]}{s)g{t)dsdt^ g{x)dx 

= J J J g{x) dx^ p{t — s) g(t) ds dt. 

By Lebesgue's theorem on differentiation 

lim — / g(x) dx = g(s) for almost all s. (2-17) 

h-^O h Js~h 

Using this and the Dominated Convergence Theorem we see that 

\iw.^E{Xr,{g)G\g)) = J J p(t - s) g{s) g(t) ds dt. (2.18) 

Considering (12. ip we see that to complete the proof of this theorem it 
suffices to show that 

\imE(xl{g)) =J J p{t-s)g{s)g{t)dsdt. (2.19) 

Using (12. 6p we have 
E{Xh{g)Xy{:g)) (2.20) 
^ ^ E{{G{x + h)-G{x)){G{y + h')-G{y)))g{x)dxg{y)dy 



hh 

11 r f i r^+^ ry+h' 
Ilk 



X Jy 



pit — s) ds dt I g{x) dx g{y) dy 

= J J { \ l^j^ dx^ J^^^^ g{y) dy^ p{t - s) ds dt. 

It now follows from the Dominated Convergence Theorem and (I2.17p . that 
fl2A9D holds. □ 

Remark 2.2 When g = I[(^a,b]}, (12.130 and the construction of G' show that 
Irnil^' ( G{x + h)^- G{x) \^ ^ G"(/{(,,,]}) = G(6) -G(a) in L\ (2.21) 
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It is easy to see that this hmit actually holds almost surely. Since G has 
continuous paths almost surely, 

( Gix + h) - Gix)\ , 
lim / ^ f ^ dx (2.22) 



h^OJa \ h 



lim — i / Gix + h) dx — [ Gix) dx \ 

h^O h [Ja Ja J 

1 rb+h I ra+h 

lim — / G{x) dx — — G{x) dx = G{b) — G{a) a.s. 

h^O h Jb h Ja 



More generally, for all g G £{R+) we actually have almost sure convergence 
in 

Finally we note that we can consider G to be a (random) distribution 
defined by 

G{f) = J G{x)f{x) dx, f e Co~(i?+). (2.23) 

In this case G has a distributional derivative DG. Using the fact that for 
any / G G^{R+), {f{x + h) — f{x))/h converges to f'{x) uniformly, we have 

DGif) := -Gif) (2.24) 
= nrnjG{x) ^^'-^l-^^'^ dx 

^ lhnV^i^±4^/(.).. 

almost surely. Therefore, it follows from Theorem 12. II that for / G C^(-R+), 
G'{f) ^ DG{f). 



3 Wick powers of generalized derivatives 

Let (X, Y) be a two dimensional Gaussian random variable. By [3l Theorem 
3.9] 

E{: :: :) = k\{E{XY)fSkj. (3.1) 

(: : is defined in ffCT) .) It follows from ffLTS]) and 1^ that if X and Y 
are N{0, 1) and {X, Y) is a two dimensional Gaussian random variable then 

E{Hk{X)H,{Y)) = {E{XY))%^,. (3.2) 
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We say that a function g{x) is weakly positive definite if 

J J g{s -t)g{s)g{t)dsdt>0 (3.3) 

for all g G Bq{R^). Let g{x) be a symmetric, weakly positive definite function 
that is locally integrable on R^. Consider the mean zero Gaussian field 
JF = {J-'{g),g G i3o(-R+)} with covariance 

E{J^{f )J^{g)) = J J g{s-t)f{s)g{t)dsdt f,ge Bo{R+). (3.4) 

(We are particularly interested in the case in which g{0) = oo, in which case 
it is not the covariance of a stationary Gaussian process.) 

Let fsls) be a continuous positive symmetric function on {s,6) G R+ x 
(0,1], with support in the ball of radius 6 centered at the origin, with 
J fsiy) dy = 1. That is, fs is a continuous approximate identity. Set 
fxA^) = fsis-x). 

Assume that 

gelUR'). (3.5) 

We now define, what we call, the k-th Wick power Gaussian chaos associated 
with JF. 

Lemma 3.1 Let {fs,S G (0,(5o]} be a family of approximate identities and 
assume that g is a symmetric, weakly positive definite function that satisfies 
/ TO) . Then for all g G BoiR+) 

: JF'^ : (g) %^ hm J : {J^{fx,s)f ■ g{x) dx exists m L\ (3.6) 

and 

E{: T"" : {g)f = k\ \ \ g\x - y)g{x)g{y) dx dy. (3.7) 



Proof Consider the mean zero Gaussian process {J-'{fx,5) , {x, 6) G R+ x 
(0, 1]} with covariance 



E{J^{f,,smfy,s')) = I I g{x' -y')f,4x')fy,s'{y')dx'dy' (3.8) 

g{x' + x-y' - y)fs{x')fs'{y') dx' dy' 



=^ 0s,s'{x,y). 
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It follows from fl3.ip that 

Ei: iHUs))" : : (-^(/y.y))' = k\igs,s'ix,y))\ (3.9) 
Let g G i3o(-R+). It follows from (13.81) . (13.91) and Fubini's theorem that 

eI^II : {Hf.,s)f----{Hfy,S')f : g{x)g{y) dx dy^ (3.10) 
= k\ JJ {g5,s'ix,y)fg{x)g{y)dxdy 

k k 

= k\ J J (J . . . Jj f[ g{x + Vj - y - Wj) f[ fsivj)fs'{wj) dvj dwj 

g{x)g{y) dxdy 
= k\ J ■■■ J {j j \{q{x - y + Vj - Wj)g{x)g{y) dx dy 

k 

n f5{vj)fs'{wj)dvjdwj. 

Since g G Lf^^{R^) and translation is continuous in Lf^^{R^), the double 
integral in parentheses immediately above is continuous in {vi — Wi,...,Vk — 

Wk) and goes to 

e'^ix -y)g{x)g{y)dxdy (3.11) 



as sup]^<j<„ \vj — Wj\ ^ 0. Consequently 

lim^E (J f : iHUs))' : : {Hfy,5'))' : gix)giy) dx dy ) (3.12) 



= k\ J J g^x -y)g{x)g{y)dxdy. 
It follows from this that 

lim^E (I : (J^iUs))' : gix) dx - J : {^{^5'))' : gix) dx^' = 0. (3.13) 
This implies (13.61) . The relation in (13. 7p follows from (I3.12p . □ 



Remark 3.1 Suppose that is a mean zero Gaussian field, with covariance 
p G Li^^{R^), and that and are jointly Gaussian with 

i^(Wm/')) = / / ^{x-y)f{x)f'{y)dxdy (3.14) 
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for some ip G Lf^^(i?^). If we return to fl3.8l) and replace J-'{fy,s')) by J-'{fy^s')) 
and continue the argument in the proof of Lemma 13.11 we see that 

Ei: : (g) : : (g')) = k\JJ i^^x - y)gix)g'iy) dxdy. (3.15) 

Remark 3.2 Although we say that we are particularly interested in the case 
in which g{0) = oo in (13.41) . Lemma 3.1 also applies when g is the covariance 
of a stationary Gaussian process. Given a mean zero stationary Gaussian 
process G = {G{x),x > 0}, with continuous covariance (p{s), we can define 
a Gaussian field Q = {G{g),g G Bq{R^)} by 

g{f) = J G{x)f{x)dx. (3.16) 

Clearly 

E{G{f)G{g)) = I j ^{s-t)f{s)g{t)dsdt f,geB,{R+). (3.17) 

It follows from Lemma 13.11 that we can construct a fc-th order Wick power 
chaos = {:g^ : ig),ge l3o{R+)} with 

Ei: : ig)y = k\JJ ^\x - y)g{x)g{y) dx dy. (3.18) 

However, we do not really need Lemma [3TT] when we are dealing with a mean 
zero stationary Gaussian process, since we can simply form the fc-th order 
Wick power chaos g^ = {g^{g),g G Bq{R^)} by setting 

: g^ : {g) = j : [G{x)f : g{x) dx. (3.19) 

It is easy to see that these two processes, g^ and g^, are equivalent, (in 
L^). To do this we now show that 

lim| : {g{h,s)f : g{x)dx = J : (G(a;))' : g{x)dx, in L\ (3.20) 
Note that by (13.161) and the fact that G has covariance ip, 

E{g{U,s)G{y)) = j j ^{x' -y)U,s{x')dx' (3.21) 
= j J (fix' + X - y)fsix')dx' 
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Therefore, it follows from fl3.ip that 



E{: [giUs))' : : {G{y))' :) = k\Mx,y))'. (3-22) 

We use this in place of fl3.9p and continue with the argument in fl3.10p - fl3.12p . 
with obvious modifications, to see that 

IhnE (I I : (GiUs))' : : {G{y))' : g{x)g{y) dxdy^ (3.23) 

= JJ ^''ix - y)g{x)g{y) dxdy. 

Using this, fl3.12p with g replaced by ip, and the obvious fact that 

E(^jj: {G{x)f : [G{y)f : g{x)g{y) dxdy^ (3.24) 

= JJ ^''(^ " y)9ix)giy) dxdy, 

we get fl3:20|) . 

Remark 3.3 In this paper we consider Wick powers of Gaussian fields, 
{: {G')^ : {g),g G Bo{R+)} It is well known that : (G")'' : (g) can also be ex- 
pressed as a multiple Wiener- Ito integral. ( See, e.g. [1].) We briefly explain 
this for the benefit of those familiar with multiple Wiener-Ito integrals: 

Since p{x) is symmetric and weakly positive definite, it follows from the 
Bochner-Schwartz Theorem that p{x) = J e"^^^ dfi{X) for some positive Radon 
measure /i. When p(0) = oo, /i is not a finite measure. 

Let be the (complex valued) Gaussian random spectral measure cor- 
responding to fi. Then 

: {Gf ■.{g)= j ... j g{\, + ■ ■ ■ + A^) rfZ^(Ai) ■ ■ ■ dZ^{\k) (3.25) 

where g is the Fourier transform of g. (This is the end of Remark 13.31 ) 

We now apply the above results about constructing Gaussian chaoses to 
the processes that concern us. In Lemma 12.11 we define the Gaussian field 
{G'{g),g e Bo{R+)}. When p e LL(^^) the procedure that leads to fM 
and (13. 7p enables us to define k-th Wick power chaos 

: (G')' : (g) = lim / : {G'if^^s))' : gix) dx (3.26) 
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as a limit in L^, with 

Ei: (G'f : (^7))' = k\ j j p\x - y)g{x)g{y) dx dy. (3.27) 



Note also that the Gaussian field Xh{g) defined in f l2.14p is of the form of 
f l3.16p . Therefore, it follows from (13.191) that 

:X.-te)=/:(^^^^i4^)' (3.28) 

The next theorem is a critical result in this paper. 

Theorem 3.1 Let G = {G{x),x G R+}, G{0) = 0, be a mean zero Gaussian 
process with stationary increments. Let p he as defined in and assume 
that p^[x) is locally integrable and that p{\x\) is bounded on [S,M] for each 
< 5 < M < oo . Then for all g e Bq{R+), 

li^ f ,( G{x + h)-G{x) \ ^ ^ , 

h^OJ \ h J 

Proof By (12:201) 

E{Xf,{g)X,,{g)) (3.30) 

f f f 1 f^+^ 1 fy+^' \ 
J\hJ hf J p{s -t)dtds\ g{x)g{y)dxdy. 

Consequently by (EH]) and (13775]) 

E{: Xl : {g) : X^ : {g)) (3.31) 

\ i-x+h I ry+h' ^ ^ 



' 'XA hi' p{s-t)dtds] g{x)g{y)dxdy. 



y 



In a similar vein by (12.131) and (12.201) . Lebesgue's Theorem and a change 
of variables 

E{Xf,{g)G'{g)) (3.32) 
= \imE{X,{g)XM) 

— / g{x) dx> p{t — s) g{s) ds dt 

h Jt-h J 
1 fx+h \ 

p{s-y)ds g{x)g{y)dxdy. 



h 
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Therefore, by (KWf and (IXT3]1 

E{: Xl : {g) : {G'f : {g)) ^ (3.33) 

= ^' / / I r / P(s-y)c?s) g{x)g{y)dxdy 



where 



(]^ x-\-h \ 
-J p{s-y)dsj g{x)g{y)dxdy (3.34) 



and 



(2 x-\-h \ 
T / p(s-2/)rfs g{x)g{y)dxdy. (3.35) 

Fix (5 > 0. Using the fact that p is bounded away from the origin, the Domi- 
nated Convergence Theorem, and Lebesgue's theorem on differentiation, we 
see that 

\imBh,5 = k\ / p^{x - y) g{x)g{y)dxdy. (3.36) 

h^Q J J\x-y\>S 

On the other hand, using the Holder or Jensen inequahty, we see that for 
h<5 

<k\ff \p\s-y)\(\r \g{x)\dx)\g{y)\dyds. 

J J\s-y\<2S \n Js-h J 

<C f \p''{s)\ds. (3.37) 

J|s|<2<5 

Since by assumption p''{s) is locally integrable we can make this arbitrarily 
small by choosing 6 > sufficiently small. Thus we have shown that 

hmE{:Xj::{g) : {G'f : {g)) = k\ j j p\s - y)g{s)g{y) dyds. (3.38) 

Similar reasoning shows that 

\imE{:Xl:{g):f = k\ j j p\s - y)g{s)g{y) dyds (3.39) 

for all g G Bo{R+). Using (13381) . (ICTj) and (I32ZD we get ([329]). □ 
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Remark 3.4 In Section [2] we explain why we think of the field G' as a 
generalized derivative of the Gaussian process G = {G{x),x G R^}. In 
fl3.26p we construct the k-th Wick power chaos : (G")^ : (g). When G itself 
is mean square differentiable, i.e. when 

^fG{x + h)-Gix)Y a\h) 1, 2v//nA /o.nN 



{-^G{x),x G R^} is a stationary Gaussian process with covariance |(cr^)" 
y). In this case, as we show in f l3.19p . 



■.{GT:{g)= J : (j^G{x)^ : g{x)dx. (3.41) 



This further motivates the description of G' as a generalized derivative. 

However, for Gaussian processes satisfying (11.41) . lim/i^o = 00, and 
consequently -^G{x) is not a stochastic process. (In these cases, formally 
taking g in (12. ip to be the delta 'function' 6x, gives E{G'{x)Y = p(0) : = 

.0 — 



lim/j^o = 00.) 



4 asymptotic expansion 

For each h we consider the symmetric positive definite kernel 

Thix.y) = -^^E{G{x + h)-G{x)){G{y + h)-G{y)) (4.1) 

= (^'(a; - 2/ + /^) + fx'(2; -y-h)- 2a\x - y)) 

■■= Th{x - y) = Th{y - x), 

(see (12.41) ). Note that since G has stationary increments it follows from the 
Cauchy-Schwarz inequality that 

\rh{x-y)\<l \/x,yeR\ (4.2) 

To continue we need some estimates of the integrals of powers of Th- 
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Lemma 4.1 Suppose that cr^ satisfies U.3\) - I[l~^) and p(s) is locally inte- 
grable and is bounded in compact neighborhoods excluding the origin. Then 

lim , „ , , = cr [h- a) (4.3) 



lim /°/V\ 7 =0- (4-4) 



and 

lim ^^^^^hix~y^ ^^^y 

!Xrh{x-y)dxdy 

More generally if, in addition, p^{s) is locally integrable for some integer 
k > 1 and 

h = o{h^la\h)f (4.5) 

then 

lala^hix-y) d xdy 
h^h {hya^{h)y 

and 

lim Ialall:y-y)d^dy ^ ^ 
'^-^ fXrt{x-y)dxdy 



li- '""^llruJJZ ' =11 y) dy (4.6) 



(4. 



Proof It follows from (jH]) and fl^Tij) that 
llfa'^hix-y) dxdy 

= Ua ^^^^ 

= £;(x,(/[,,,]))2. 

By dMID, 

lim E(X,(J[,,5]))2 = E{G\IyaM)f = E{G{b) - Gia)f = a\b - a). (4.9) 
Thus we get ( 14. 3p . 

The statement in (14.61) follows as above using (I3.3ip and then (I3.29P which 
imphes that 

lim E(: Xl : (/[,,,,) 0^ = E {G'f : (/[„,,,))' . (4.10) 



23 



We now obtain fl4.7l) . which, considering fll.4p . includes (14.41) . We are 
given that p'^(s) is locally integrable. Suppose that p'^+^(s) is also locally 
integrable. Then, by (14.61) 



'^(h\ \ '^^^ rb rb rb rb 



lim(^^^ JJ^rl:+\x-y)dxdy = JJ^p'+\x-y)dxdy. (4.11) 

The statement in (14.71) clearly follows from this, (11.41) and (14. 6p . 

Suppose p^'^^ls) is not integrable over neighborhoods of the origin. By a 
change of variables, and with c = b — a, 

''\T^,{x~y)f+^dxdy (4.12) 



where, for the last line we use ( 14. 2p . Also 

( a^{s + h) + a^{s-h)-2a^{s) \ 
8h [ a^h) ) 



c~s)ds (4.13) 



where, for the last line we use (II. 5p . Let a > 0. Using (ll.Sp again we see that 
p^'+^(s)c/s (4.14) 

1 ru„f^!(i±M±£!(i^M^^V*',, 



Consequently, since p'^^^(s) is not locally integrable, the final integral in 
(I4.13P goes to infinity as J. 0. Since (T^(s) is regularly varying at zero, this 
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means that {^^] is regularly varying at zero with index less than or 
equal to —1. 

Suppose that its index is equal to —1. This implies that y-^yj^j is regu- 
larly varying with index equal to + 1) < 1 and that the integral in the 
last line of fl4.13p is slowly varying. Consequently 



9 \ k+1 / 0/ \ \ k+1 



^cr^(/i) / Jsh\s 



=2 



ds (4.15) 



is regularly varying with index equal to 1. Taking (14. 6p . (14. 12^ and (I4.13P 
into account we see that (14. 7p holds in this case. 

Finally, suppose that the index of [^-^] is less than —1. In this case 



, o \ k+1 / 0/ N \ fc+1 



r ^ ds^Ch (4.16) 

J&h \ 



at 0, for some constant C. Taking (14. 6p and (14. 5p into account we again get 

(HZ!). □ 

Proof of Theorem [IH] It follows from (fTTOD and that 

^ /G(. + /,)-GM\^ ^ (4.17) 

V J 

A rb /G{x + h)-G{x) 



^ fb f G{x + h) - G{x)\ ^ 

Denote the last line in (I4.17P by Z{h). Using (13.20 and then (14. 2 p we have 
EZ\h) = E «?/ / ri{x-y)dxdy (4.18) 

1=10+1 

fb fb oo 

< / / rl^'^'ix - y) dx dy ^ a^. 

It follows easily from ( Ol) with joC < 1 and ( l2l3l) that ( l45ll holds with k 
replaced by jo- It then follows from ( 14. 7p and ( 14. 6p that the last line in ( 14.180 



25 



is Since 



(4.19) 



a(h) 



j=0 

= ±{h/a{h)y ^ 

J^O Vr- Ja \ h ; 

we see that (11.111) follows from (14.211) in the next lemma. □ 

Lemma 4.2 Let G = {G{x),x G R+}, G{0) = 0, be a mean zero Gaussian 
process with stationary increments that satisfies the hypotheses of Theorem 
Then for 1 < j < jo ^^^^ 9 ^ ^f){.R+) 

II : ^^ {9)- ■■ {G'y : (^)lh < G{\hy{h)fl' (4.20) 

and 

— II • • v^y • V- 7 • V^/Iiz \ 1^2 j 



hmjl : Xi : (^)- : {G'y ■.{9)h[^] =0. (4.21) 



Proof To obtain (|4:20|) we use fl33T]) for || : : (^)||2, (jS^D for || : {G'Y : 
I and (IX^ for E (X^ : (^) : (G')^' : {9)) to see that 

^\\:Xi:{g)-:{Gy:{g)\\l (4.22) 



/■ /■ I / 1 1 fV+h \^ ( \ rx+h 



p{s - y) ds 



j^J p{x- t) dt^ + {p{x - y)y j> 9{x)9{y) dx dy. 



Set z = X — y. We write 

\ px+h \ ry+h 

- - p{s-t)dtds (4.23) 

h Jx h Jy 

= pW + ky^ p{s-t)dtds- p{z)\. 



26 



By ffTTUD . for A\h\ < \z\ < M, 



x+h ry+h 
h 



p(s — t) dt ds — p{z) 

h I rh 



(4.24) 



t + s-t)- p{z)\ dtds < CMr\ 
h Jo h Jo \z\ 



Note that given an integer Jq, there exists a Uj^ > 0, such that 

1/2 < 1 - 2j\u\ < {1 + uy < l + 2j\u\ < 2 (4.25) 

for all < \u\ < and 1 < j < jo- Therefore, if we take Cm|j| < Uj^ we 
see that when 4\h\ < z < M, 



x+h ]^ ry+h \ 

— / p(s — t) dt ds 
h Jv / 



^(z) + Or-^\pi{z)\ 



(4.26) 



where the last term is independent of z, (but depends on M and jo)- 

We estimate the other two integrals in the bracket in fl4.22p similarly to 
see that there exists a constant C such that for all h sufficiently small 



\x-y\>C'h 



{■ ■ ■}9ix)g{y) dxdy 



< K 

Jc 



^\p^{z)\dz{A.27) 

C"h<\z\<M \z\ 



K'\h\ip^{h). 



where, in addition to other dependencies, K and K' depend on the support 
oig- 

By (12.61) and the second inequality in (12.41) . with z = x — y, 

\ i-x+h \ ry+h \ rh rh 

T T p{s-t)dtds = — / p{z + u-v)dvdu. (4.28) 
h Jx h Jy h'' Jo Jo 

We conclude the proof by considering the integral in (I4.22p when [x — ?/| < 
C'h. Note that 



rx+h ph 

/ p{s — y) ds = — I p{z + s) ds 
Jx h Jo 



(4.29) 



< C 



M 



h Jo + 
1 rVs 1 



ds 



h Jo 



< 2Cmt- / ^ds 



K 



< 



C 



cm. 
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where for the third hne we use the symmetry of the integrand. Therefore 



]- [ p{z + s) ds 
h Jo t 



< CifP{h). 



Similarly 



h 1 
h Jo h Jo 



p{z + s — t) dt ds 



(4.30) 



(4.31) 



Consequently, the integral of the first three terms in the bracket in f l4.22p . 
taken over the region |^| < Ch is bounded by C"hif^{h). As for the integral 
of the last term in the bracket in (14.221) . taken over the region \z\ < Ch, 
consider 



a 



\x-y\<C'h 



p'ilx - y\)g{x)g{y) dxdy 



(4.32) 



Using (ll.9p it is easy to see that this also has the bound C"hip^{h). Thus we 
obtain (ICTj) . 

To obtain (14.211) we first note that by (12. 3p . a change of variables followed 
by one integration, and (II. 9p 



Therefore 



a\h) = 2 [''{h - s)p{s) ds < Ch^ifih). 
Jo 



(4.33) 



(4.34) 



The statement in (I4.2ip follows immediately from this and (14.200 . □ 

Proof of CorolIary ll.il This follows immediately from Theorem 11.11 once 
we observe that the conditions (11.90 and (ll.lOp are only used in two places: 
the proof of Lemma 14.21 which is not need here, and in the proof of (14.50 
which is now assumed in condition (ll.23p . □ 

Proof of Corollary 11.21 Note that Hi{x) = x. Consequently, for 
/ G L^iR\ dfi), ai = E{r]f {?])). Therefore, in Corollary Ol hif) = 1. 
Hence (I1.23P is given by the second condition in (II. 4p . Also, By (I2.2ip . 
: {G'Y : (/[afe]) = G'{I[ab]) = G{b) — G{a). Thus (11.260 is a special case of 
' ' □ 
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5 FB-mixtures and other examples 



Set 



(j){u) = 2 (1 - cos27TXu)u{dX) 



(5.1) 



J — oo 



where 



roo 

/ (1 A A^) u{d\) < oo 



(5.2) 



J —oo 



It is well known, (see e.g. page 236]), that (j) can be the increments 
variance of Gaussian process with stationary increments that is zero at zero. 

We construct a wide class of examples of Gaussian processes that sat- 
isfy the hypotheses of Theorem 11.11 based on the ideas underlying "stable 
mixtures" considered in [51 Section 9.6]. For 1 < /9 < 2 let 



We show in |5|, Section 9.6] that can be represented as in (15. ip for some 
measure u satisfying (15.21) . Therefore, as we point out in the preceding para- 
graph, Ip is the increments variance of a Gaussian process with stationary 
increments that is zero at zero. 

In Section 9.6] we refer to as a stable mixture because we were 
studying Levy processes and lAj'' is the Levy exponent of a symmetric stable 
process. Here, since we are concerned with Gaussian processes, we refer 
to ip as an FB-mixture because |A|* is the increments variance of fractional 
Brownian motion. 

In [SI Section 9.6] we study i'iX) as A — oo. The proofs of |5| Lemma 
9.6.1 and Remark 9.6.2], with obvious modifications, give the proof of the 
next lemma. 

Lemma 5.1 The function ip{X) is a normalized regularly varying function 
at zero with index (3. Moreover for n = 1,2, . . ., 



A^^'^) (A)/^(A) ^ (3{(3-l)...{(3-n+l) as A ^ 0, (5.5) 




(5.3) 



where /i is a finite positive measure on [/?, 2] such that 




(5.4) 



where ip^'^'^ denotes the n-th derivative of ip. 
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It follows from fl5.3p that ipiX) is twice differentiable for all A 7^ and 

^"{X)= f\{s-l)\X\''^dij{s). (5.6) 



<(A)~/3(/?-l)^ asA^O. (5.7) 



We note that ip is convex and bounded away from the origin. In addition, 
by dESD 

A2 

It follows that ip" is a regularly varying function at zero with index —(2 — /?). 
Therefore, for any integer jo > 1 we can find a 1 < /5 < 2 such that (11.91) 
holds with joC < 1- ( Clearly ^ip" takes the role of p in (11.71) .) 
It is easy to see that (11.101) holds since 

s-2 

- 1 1 dn{s). (5.8) 



\r{x + h)-rw\= rs{s-i)\xr' 



h 



Lastly, we note that 

|^(A + /i) + ^(A-/i)-2^(A)| (5.9) 
|A|^ I |1 + h/X\' + |1 - h/X\' - 2| dfi{s), 



which implies (11.51) . Thus we see that FB-mixtures ip{X) are the increments 
variance of Gaussian processes that satisfy the hypotheses of Theorem 11.11 

We give some concrete examples of FB-mixtures. 

Example 5.1 A simple one that follows immediately from (15. Sp is 

00 

^(A) = E ('kX"' ak > 0, {ak} G £1, (5.10) 

where Po = P and {Pk} is increasing with sup^/^fc < 2. 
As a slight modification of this, it is easy to see that 

n 

^(A) = E«feA^' (^k>0, (5.11) 

k=0 

where Po = P and {Pk} is increasing with /5„ = 2, is the increments variance 
of a Gaussian process, G, that satisfies the hypotheses of Theorem 11.11 We 
get this by taking G to be the sum of two independent Gaussian processes. 
One with increments variance the FB-mixture, tjj{X) = Y^^Zo cik^^'' and the 
other {^/a^tri.t E R+}. 



30 



Lemma 5.2 Let p(s) be a bounded increasing function on [0,2 — (3], 1 < (3 < 
2 satisfying 

^■2-/3 dp(v) 

Then we can find an FB-mixture with increments variance 

7A(A) = A^/3(logl/A) (5.13) 

where ^ 

p(v) = / e-^'dpis). (5.14) 
Jo 

Proof Let p{s) in (15. 3p be a measure with distribution function p{s — P). 
It follows from fl5A2|) that ([53]) holds. Therefore, for 1 < ^ < 2, 

V^(A) = [\'dp{s-p) (5.15) 

r2-/3 



/3 



A^ / A^rfp(s) 

JO 



= A^p(logl/A). 

□ 

Proof of Proposition [T7T] We use the fact that we can find an FB-mixture 
of the form (15^31) . For p > 0, let p{s) ~ sPL{l/s)/T{l+p) at zero, in fICTD . 
Then by [3, Theorem 14.7.6], p{s) ~ s~''^L(s) as s ^ oo. Thus (11.181) follows 
from Lemma \52[ For p = if p{s) ~ L{l/s) we must have L{l/s) increasing 
as s increases. In this case p{s) ~ L{s) and L{s) is decreasing. □ 

Example 5.2 Let 

9W = ^^^lt^^{|A|>e} (5.16) 



and consider (15.11) with v{d\) = g{X) dX. Then 

a^{u) ^ Cu^ \oi l/u and (fT^)"(u) ^ log^ 1/m (5.17) 

at zero. We show this immediately below, and also, that cr^(n) satisfies the 
hypotheses of Theorem 11.11 Therefore, we get (ll.43p . 
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By 05.1 1) we have 

a\u) = 8 J\m^ ttXu (^-^^^^^ dX (5.18) 

Je A Jl/(7r«) A'^ 

and 

a\u)>Cu^ r^"^ ^^g^-^ ^A. (5.19) 

Je A 

The inequahties in (15.181) and (15.191) give the first estimate in (15.171) . 

Write sin^ ttAm = (1 — cos27rAM)/2 in (15.181) and use trigonometric iden- 
tities to write 

cr2(n + h) - a'^{u) 



(5.20) 

dX 



h 

^ { cos 27rAM(l — cos 27rA/i) + sin 2'7rAM sin 2'KXh 1 / log A — 1 
I h / 

Note that the absolute value of the term in the bracket 

I sinvrA/il + I sin27rA/i| 
< 2- ^—^ < QtxX. (5.21) 

Therefore we can use the Dominated Convergence Theorem to see that 

{a\u))' = 871 J\m27iXu(^^^^^^^ dX. (5.22) 

Using integration by parts we have 

/log A - 1 \ , 



a'^iu))' = 87T J i^Y^ J d J sm27:suds (5.23) 

r., 9 X ^ /21ogA-3\ 
J (1 — cos 27rAn) I — I dX. 



4 fOO 

u 



Exactly the same argument used in (I5.20p and (I5.2ip shows that 

4 /"oo /2 lop- A — 3\ 

[a\u))" = -—I {l-cos27rXu)i—^^—\dX (5.24) 



Je 



871 r . ^ , /21ogA-3\ 
H / sm27rAn — ^ dX 



U Je V A 

/ + // 
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Considering fl5.18l) we see that 

|/| « C'^^, (5.25) 

and by the same methods used to obtain the first estimate in fl5.17p we get 

11 ^{\ogl/ uf. (5.26) 

Thus we get the second estimate in (15.171) . 
It follows from flSlTSD that 

{ a'(u) — 8 I sin^ ttXu ( —^-^ ^ dX 

°° sin^ ttXu 



, sm 71 Xu 
+81ogl/a / — dX 

Jea X-^ 



It is easy to see that the last two integrals in (I5.27P are o(cr^(n)) at zero. 
This shows that cr^(M) is regularly varying at zero with index 2. 
Note that by (iBTfll 

{ar{s) = O (5.28) 

at zero. This implies that o"^ satisfies (II. 5p . 

We now show that o"^ satisfies (ll.lOp . We write the integral II in (15.240 

as 

, ,21ogA-2\ „ /■~sin27rAM , \ , , 

sin 27iXu \- ] dX- dX . (5.29) 



«7r 

U \Je \ j Je X 



Clearly 

Qiu) = '-^r dX = 16.^ r ^ ds. (5.30) 

U Je X'' J2TTue 

Furthermore, by integration by parts, as in (I5.23p . 



87r /21ogA-2 

— / sm27rAM - 

u Je \ A 



sin27rAM ( ^_ dX (5.31) 



8 /"^z , X /21ogA - 3\ „ 
— j^ (l-cos27rAM) ( \dX. 



33 



Substituting this in fl5.24l) we see that 



{a'^iu))" = — / (1 -cos27rAM) 



( 



2 log A - 3 
A3 



) 



d\ + Q{u). 



(5.32) 



As in f l5.23p we can differentiate under the integral sign to get 



lit 




dX + 0{l/u). 



) 



dX 



(5.33) 



Separating the integral as in fl5.18p we see that 



\ia\u)r\<C 



(5.34) 



u 



This implies that satisfies (11.101) . Thus the Gaussian process determined 
by (15.11) and (I5.16P satisfies the hypotheses of Theorem II. 1[ 
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